1.
Introduction. An abstract Jordan ring / is a distributive ring in which multiplication satisfies the two laws (1.1) ba = ab, (1. 2) ia2b)a = a2iba).
We shall assume here that division by two is possible, or more precisely that x+x = b has a unique solution x for any given b. This will of course be true if / is an algebra over a field of characteristic different from 2. Jacobson [S] has defined the Jordan triple product {abc} by the rule , . 1 1 1 (1.3) [abc] = -iab)c -\-{bc)a-iac)b.
A special Jordan ring 5 may be formed from an associative ring R, by taking the elements of R with the same addition but with a Jordan product ab given in terms of the associative product a-b of R by the rule In this paper the identity (1.6 ) {aba}2 = {a{ba2b}a} is proved to hold in abstract Jordan rings. This is immediate for special Jordan rings, but was posed as an unsolved problem by Jacobson in his Colloquium lectures at Ann Arbor in September, 1955 . In this paper the identity is proved by finding a partial basis for the free Jordan ring with two generators, the basis being found for all elements of degree at most 5 and for elements of degree 4 in a and degree 2 in b. Expressing both sides of (1.6) in terms of the basis, the two sides are found to be identical.
Using this identity, Jacobson [5] has been able to prove certain structure and representation theorems for abstract Jordan algebras which had been proved previously by Albert [l] for special algebras.
A further interesting by-product of this paper is that, so far as it goes, the basis indicates that the free Jordan ring is special. This comes from a comparison with results established by P. M. Cohn [4] .
Another proof of the identity has been found independently by Mr. Lawrence Harper of the University of Chicago. He does not find a basis, but uses a sequence of relations which are consequences of (1.1) and (1.2).
2. The monomial relations of a Jordan ring. In a Jordan ring addition is an abelian group, both distributive laws hold and the multiplication must satisfy the two laws (2.1) xy = yx, (2.2) (y2x)y = y2(xy).
We assume also that division by 2 is possible, or more precisely that the additive group contains no element of order 2. This will of course be true if the ring admits as operators a field of characteristic different from 2.
In a ring generated by elements ax, • • ■ , an every element can be expressed as a linear combination of monomials, and to find all relations, it is sufficient to find the relations on the monomials. It is trivial to verify that the commutative law (2.1) will hold for all elements if it holds for all monomials.
In (2.2) replace y by y+z and from the result subtract both (2.2) and (2.2) with y replaced by z. This gives (y2x)z + 2((yz)x)y + 2((yz)x)z + (z2x)y = y2(xz) + 2(yz)(xy) + 2(yz)(xz) + z\xy).
In (2.3) replace z by z+w and from this subtract both (2.3) and (2.3) with z replaced by w. Dividing by 2 we get
With w = y and it = zwe may derive (2.3) from (2.4), while if w = z = y (2.4) becomes three times (2.2). Using induction on the number of monomials involved, it is easy to show that (2.1) and (2.2) hold for all elements if and only if (2.1), (2.2) and (2.4) hold for all monomials.
We note that (2.4) is symmetric in y, z, w.
3. Basis elements in the free Jordan ring with two generators. We shall find a basis for elements of degrees one through five in the free Jordan ring J generated by two elements a and b. Since (2.2) and (2.4) do not apply below the fourth degree, we can write down a basis for the first three degrees immediately. Here we have written a2a = a* and b2b = b*. It is known that a Jordan ring is power associative. If we write a1 = a, and recursively an = an~1a, then it will be true that if t+u = n then a'aM = an, and the ring generated by a is associative as well as commutative. From (2.2) with x = an~3, y = awe get (an-3a2)<z = (an-2)a2 and so by induction ian~2)a2 = an. If in (2.4) we put x = a', y = ar, z = w = a, we obtain 2(ar+,+1)a + (a*+2)ar = 2(a*+1)ar+, + (a'+r)a2. By taking appropriate values for j and r we may complete the relations a" = an_1a = an~2a2 = an~3a3 = ■ ■ ■ =atau, naturally using induction on n, and one of 5 or r.
For degree 4 with each of x and y taking the values a and b in (2.2) we get the four relations
From (2.4) we obtain further relations of degree four. We also find from (2.4) the following relations on the »'s. From these we may find a basis and relations for degree 5. By interchanging a and b throughout, we will also find a basis of 6 elements of type a2bz, 3 elements of type a&4 and the single element b6. Thus there are a total of 20 basis elements of degree five.
4. Basis and relations for terms of type a*b2. Since the identity depends on terms which are all of type a4£>2, it will be sufficient to find a basis and relations for the monomials of this type. Using the relations of (3.4) and (3.9) any element of type a*b2 can be expressed in terms We will also label the remaining monomials and express them in terms of the above list. The remaining monomials may of course be expressed in terms of these by using (4.2).
5. Proof of the identity. In a Jordan ring, Jacobson defines a ternary operation abc by the rule
The identity which we wish to prove is the following:
This is known to hold in special Jordan rings, but here we show that it is true in every Jordan ring. Using (5.1) we express both sides of (5.2) in terms of monomials.
This identity is indeed true since using the relations of (4.2) and (4.4) both expressions reduce to (5.5) -xi -x, + -x3 + -x4 + xt -x7 H-x». 4 2 2 6. Concluding remarks.1 Comparison of the results found here with those of P. M. Cohn [2] is of some interest. In §3 we found all relations on the free ring / with two generators for elements of degrees not exceeding five, and from these found the number of basis elements for degrees one through five to be respectively 2, 3, 6, 10, 20. Cohn has shown that the special free ring with two generators has a basis of the reversible elements. This basis will consist of monomials which are their own reverses together with elements which are the sum of a monomial and its reverse, the reverse being distinct. This leads to a basis with 2n~1+2r elements of degree n when n = 2r + \ or 2r+2.
Thus from a consideration of the number of basis elements alone, it follows that J modulo the ideal Kt oí elements of degree six or higher is a special ring, agreeing with the free special ring modulo elements of degree six or higher. In particular, every identity on two generators of degree not exceeding five which holds in a special Jordan ring also holds in any Jordan ring with two generators. Similar considerations apply if we include also the elements of degree four in one variable and two in the other since there will be nine reversible basis elements of this type in the free special Jordan ring. To prove that the free Jordan ring with two generators is special it would be sufficient to show that for n = 2r+\ or 2r + 2 there are at most 2B-1 + 2r basis elements of degree n.
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